On topological invariants of algebraic threefolds with ($\mathbb
  Q$-factorial) singularities by Grassi, Antonella et al.
ar
X
iv
:1
80
4.
02
42
4v
1 
 [m
ath
.A
G]
  6
 A
pr
 20
18
CERN-TH-2018-013
ON TOPOLOGICAL INVARIANTS OF ALGEBRAIC THREEFOLDS WITH
(Q-FACTORIAL) SINGULARITIES
ANTONELLA GRASSI AND TIMO WEIGAND
Abstract. We study local, global and local-to-global properties of threefolds with certain
singularities. We prove criteria for these threefolds to be rational homology manifolds and
conditions for threefolds to satisfy rational Poincaré duality. We relate the topological
Euler characteristic of elliptic Calabi-Yau threefolds with Q-factorial terminal singularities
to dimensions of Lie algebras and certain representations, Milnor and Tyurina numbers and
other birational invariants of an elliptic fibration. We give an interpretation in terms of
complex deformations. We state a conjecture on the extension of Kodaira’s classification of
singular fibers on relatively minimal elliptic surfaces to the class of birationally equivalent
relatively minimal genus one fibered varieties and we give results in this direction.
1. Introduction
We study local, global and local-to-global properties of threefolds with singularities, in
particular terminal and klt, Q-factorial singularities. The computation of the topological
Euler characteristic of a genus one fibered variety is a known illustration of such properties:
the non trivial contributions are localized in the stratified singular loci of the fibration and are
combined via the Mayer-Vietoris Theorem. Poincaré duality is another. For complex varieties
local and global deformations are of interest, and so are local-to-global principles relating local
and global deformations. A less known occurrence is the expected correspondence, predicted
by physics, between elliptic fibrations of smooth Calabi-Yau varieties and Lie algebras together
with their representations.
We state and formalize the correspondence between fibrations and algebras in terms of
local and global properties of the stratified singular locus of elliptic fibrations (not necessarily
smooth). We then prove related local-to-global properties for Calabi-Yau threefolds with Q-
factorial terminal singularities. In particular we prove a formula which relates the dimensions
of Lie algebras and certain representations to the topological Euler characteristic of elliptic
Calabi-Yau threefolds with Q-factorial terminal singularities, Milnor and Tyurina numbers
and other birational invariants of the (relative minimal) elliptic fibration (Definition 9.1 and
Theorem 9.4). We state precise conjectures for this correspondence for more general varieties
and fibrations. Our results constitute a step towards what we call a “Grothendieck-Brieskorn"
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program regarding the intriguing connection between singular varieties and Lie algebras, to-
gether with certain distinguished representations. In fact, Brieskorn, Grothendieck, and later
Slodowy [14, 72], discovered beautiful connections between surface singularities and Lie al-
gebras, but a mathematical explanation of the parallelisms of the classification between sin-
gularities and Lie algebras remains elusive (Arnol’d, [15]). A well known illustration of the
parallelism is the correspondence between surface rational double points and Lie algebras: ra-
tional double points are classified by the Dynkin diagrams of the simply laced Lie algebras of
type a, d, e [17, 21]. These are also the singularities of Weierstrass elliptic surfaces.
Although Calabi-Yau threefolds with Q-factorial terminal singularities and elliptic fibrations
are the focus of the applications in Section 9, we state our program in more generality, in
particular for higher dimensions and different singularities. In Section 8 we review and extend
the correspondence between fibrations and Lie algebras and their representations, and state
local-to-global principles which relate them. The correspondence is expressed in terms of the
components of codimension one and two of the stratified singular loci of the fibrations. (A
different mathematical approach using deformation is taken in ongoing projects [32].) Key
ingredients for the proofs in Sections 8 and 9 are several other local, global and local-to-global
results which we prove in the preceding sections.
In Section 5 we start with a review of different notions of cohomologies which agree in the
case of rational homology manifolds; rational homology manifolds satisfy Poincaré duality. We
then establish necessary and sufficient conditions for threefolds with certain rational and klt
singularities to be rational homology manifolds (Theorem 5.7 with J. Shaneson, and Theorem
5.8) and to satisfy rational Poincaré duality (Theorems 5.13 and 5.16). These conditions are
expressed in terms of the properties of local analytic and (global) algebraicQ-factoriality as well
as local-to-global principles. To this end, we prove a local analytic Q-factorialization result for
isolated klt singularities (Theorem 4.6). The above singularities occur naturally in the minimal
model program as well as in various physics models. The minimal varieties in the sense of
the Mori Minimal Model Programs have generally terminal Q-factorial singularities. In string
theory it is known that some Calabi-Yau fourfolds with terminal singularities are the “correct"
models, even when a smooth birationally equivalent minimal Calabi-Yau exists [19]. Even for
Calabi-Yau threefolds the appearance of Q-factorial terminal singularities seems oftentimes
unavoidable [10, 24, 25, 59]. While klt singularities of varieties (not of pairs (B,∆)) have not
yet appeared in the physics literature that we know of, we speculate that they might occur
naturally as boundary components, in the study of the heterotic/F-theory duality. Generalized
“Calabi-Yau" threefolds with isolated klt but not canonical singularities are of interest in
mathematics, for example regarding their structure and rationality properties (Remark 5.12).
In Section 2 we recall some known properties of smooth Calabi-Yau threefolds, in particular
elliptically fibered ones, and state the original motivation of our work. We review the geometric
ON TOPOLOGICAL INVARIANTS OF THREEFOLDS WITH SINGULARITIES 3
and algebraic definitions of global and local analytic and algebraic Q-factoriality, the local
Picard group, as well as of the algebraic and analytic Class groups in Section 3. In Section
4 we also summarize some properties of factoriality and Q-factoriality which are hard to find
in the literature. In Section 4.4 we discuss the “Calabi-Yau" condition, in any dimension, and
Q-factoriality.
In Section 6 we turn to Calabi-Yau threefolds withQ-factorial terminal singularities. We find
that the dimension of the complex deformation space is computed by b3(X) with a modification
coming from the dimension of the versal deformations of each singularity, the Tyurina/Milnor
number in this case. The decomposition (8) suggests the existence of a “local-to-global prin-
ciple" (Conjecture 6.8). Section 7 concerns Kähler deformations. The results about complex
and Kähler deformations play a role in the proof of the results in Section 9. Some of the results
in Section 9 generalize previous results of [33] for smooth elliptic Calabi-Yau threefolds.
In Section 9.2 we review the basics of the predicted correspondence by the physics of F-
theory and interpret our results. Applications to physics are studied in companion papers [2]
and [35].
We state a precise conjecture (Conjecture 9.8) on the extension of Kodaira’s classification of
singular fibers on relatively minimal genus one surfaces to the class of birationally equivalent
relatively minimal genus one fibered varieties. We support the conjecture with a local-to-global
principle, by associating to the stratified discriminant locus of the fibration Σ the non abelian
and abelian gauge algebras and their representations. We give results in this direction.
Because this paper spans from algebraic geometry, algebra and topology, with applications
to string theory, we have also included some general definitions and properties.
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2. Motivation: smooth Calabi-Yau varieties
Definition 2.1. LetX be a complex normal algebraic threefold. X is Calabi-Yau if hi(X,OX) =
0, i = 1, 2, and KX ∼ OX .
If X is also smooth, Poincaré duality and the Hodge decomposition imply that the Betti
numbers (of the singular cohomology) are
(1) b1 = 0, b2 = h
1,1(X), b3 = 2(1 + h
2,1).
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The topological Euler characteristic can be written as
(2) χtop(X) = 2{h
1,1(X)− h2,1(X)}.
The above expression is particularly relevant in physics applications because the Picard group
Pic(X) is isomorphic to H2(X,Z); its rank, which is also called the rank of the Néron-Severi
groupNS(X), counts the Kähler deformations h1,1(X) ofX . Similarly h2,1(X) is the dimension
of the space of complex deformations ofX , the Kuranishi space ofX . WhenX has singularities,
these identifications do not necessarily hold, so we denote by KaDef the dimension of the space
of Kähler deformations and by CxDef the dimension of the space of complex deformations. In
the smooth case (2) becomes
(3) χtop(X) = 2{KaDef(X)− CxDef(X)}.
The celebrated mirror symmetry implies that mirror pairs of smooth Calabi-Yau threefolds
have topological Euler characteristics of opposite sign.
Equation (3) is used in [33] to express the topological Euler characteristic of general el-
liptically fibered smooth Calabi-Yau threefolds (with a section) in terms of the Lie algebras
and their representations which are naturally associated to the singular fibers of the fibration.
The results of [33, 34] are motivated by the “anomaly cancellation" mechanism in physics. In
fact, the cancellation of anomalies interpreted in the geometry of smooth elliptically fibered
Calabi-Yau threefolds [34] involvesKaDef(X) and CxDef(X) as defined above. In Section 9 we
generalize these results to singular Calabi-Yau threefolds. We focus on the singularities which
occur naturally in the minimal model program, i.e. terminal, and klt, Q-factorial singularities.
We recall the basics in the following Section 3.
3. Terminal, canonical, klt, (Q-)factoriality
Let X be a complex normal reduced algebraic variety.
3.1. Terminal, canonical, klt. A resolution of X is a birational (bimeromorphic) morphism
ρ : Y → X , with Y smooth. X has rational singularities if and only if Riρ∗OY = 0, i > 0.
X has ℓ-rational singularities if and only if Riρ∗OY = 0, 0 < i ≤ ℓ. Let j : X0 →֒ X be the
natural inclusion of the smooth locus, with canonical bundle ω0(X0) and let ωX = j∗(ω0(X0)).
Since X is normal, ωX is a reflexive sheaf; let KX be the associated Weil divisor.
Definition 3.1. X is Q-Gorenstein if there exists some integer r such that rKX is a Cartier
divisor (that is KX is Q-Cartier). The minimum such integer r is the index of X .
X is Gorenstein if it is Cohen-Macaulay and of index 1.
Let X be a Q-Gorenstein variety and ρ : Y → X a smooth resolution with exceptional
divisors Ei. If a resolution ρ is an isomorphism in codimension one, the resolution is called
small. In general rKY = ρ
∗rKX +
∑
i airEi , where ai ∈ Q are the discrepancies.
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Definition 3.2. (1) If ai > 0 for all i, X is said to have at worst terminal singularities.
(2) If ai ≥ 0, for all i, X is said to have at worst canonical singularities.
(3) If ai > −1 for all i, X is said to have at worst klt singularities.
(4) If ai ≥ −1 for all i, X is said to have at worst log canonical singularities.
A smooth variety has at worst terminal singularities. If X is a surface it can be shown
that X has at worst terminal singularities if and only if it is smooth. The canonical surface
singularities are the a, d, e singularities (rational double points). A singularity is klt if and only
if it is a cyclic quotient of an index 1 canonical singularity by an action which is fixed point
free in codimension 2 [52, Corollary 5.21].
Theorem 3.3 (See for example 6.2.12, [44]). Klt singularities, hence canonical and terminal
singularities, are rational and in particular Cohen-Macaulay.
Remark 3.4. Recall that threefold terminal singularities are isolated; if they are Gorenstein,
they are analytic hypersurface singularities, see for example [52]. X has at worst canonical
singularities and the index of KX is 1 if and only if it is Gorenstein and rational. In particular
a Calabi-Yau variety with canonical singularities is Gorenstein.
Log canonical singularities are however not necessarily rational; thus we will only consider
here varieties with at worst klt singularities.
3.2. Factorial, Q-factorial; the geometric definitions.
The different notions of Q-factoriality - algebraic, analytic, global and local - are quite delicate.
We can considerX as a complex algebraic variety, and also its supportXh as a complex analytic
variety. Sometimes we will consider complex analytic varieties X . In the following we do not
always distinguish between X and Xh, rather we specify if the relevant objects are algebraic
and analytic when necessary. Note that X has rational singularities if and only if Xh has
rational singularities.
Definition 3.5. LetWDiv(X) be the group of algebraic (analytic) Weil divisors and CDiv(X)
the group of algebraic (analytic) Cartier divisors.
If X is smooth, then WDiv(X) = CDiv(X). This is true more generally if X is factorial,
that is if and only if, ∀ x ∈ X , the local rings OX,x are unique factorization domains.
Definition 3.6. Let WDiv(X)Q = WDiv(X)⊗Z Q and CDivQ(X) = CDiv(X)⊗Z Q.
If WDiv(X)Q = CDiv(X)Q, X is algebraic Q-factorial (globally analytically Q-factorial), or it
has (analytic) Q-factorial singularities.
Often one says Q-factorial instead of algebraic Q-factorial. In the case of hypersurfaces
and complete intersection varieties, various results, starting from Grothendieck’s work, relate
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factoriality and Q-factoriality, for example [66] and [53]. Analytic factoriality implies factori-
ality, but the converse is not true [70, Corollary 2, p. 41]. In particular:
Proposition 3.7 (Reid-Ue; Corollary 5.1 [46]; [53]). Let (U , p) be a threefold with terminal
singularities of index 1. Then any Q-Cartier divisor is Cartier, that is Q-factoriality is equi-
valent to factoriality.
Thus a Calabi-Yau threefold with Q-factorial terminal singularities is factorial (Remark
3.4). We also consider properties of the germ (U , p):
Definition 3.8. (U , p) is algebraic (analytically) Q-factorial if every algebraic (analytic) Weil
divisor in a neighborhood of p (Euclidean in the analytic case) is Q-Cartier.
Definition 3.9. X is locally (analytically) Q-factorial if (U , p) is algebraic (analytically) Q-
factorial, for every p ∈ X and any open set U .
In the analytic case global does not imply local necessarily, since there can be Weil divisors
in (U , p) which do not extend to Weil divisors in X . In general, algebraic Q-factoriality does
not imply analytic Q-factoriality; it does so if X is projective algebraic, by Chow’s Theorem.
Example 3.10 ( [46], page 104, and [44]). (U , 0) = (xy + zw+ z3 +w3 = 0, 0) is Q-factorial,
actually factorial, but not locally analytically Q-factorial, since the local analytic equation in
(U , 0) is z1z2 + z3z4 = 0.
When the isolated singularity is toric, the singularity isQ-factorial if and only if the maximal
cone corresponding to the toric singular point is simplicial. More generally a variety with
orbifold singularities is Q-factorial.
Following Kawamata we make
Definition 3.11. (1) σ(X) = dim(WDiv(X)Q/CDiv(X)Q).
(2) σ((U , p)) = dim(WDiv((U , p))Q/CDiv((U , p))Q).
Remark 3.12. X (respectively, (U , p)) is Q-factorial if and only if σ(X) = 0 (respectively,
σ(U , p) = 0), that is if and only ifWDiv(X)/CDiv(X) (respectively,WDiv(U , p))/CDiv(U , p))
is torsion.
In Example 3.10 σ((Uh, 0)) = 1.
Proposition 3.13 (Kawamata [46], Lemma 1.2). Let X be an algebraic variety. If X has
rational singularities, then σ(X) is finite.
Proposition 3.14 (Kawamata [46], Lemma 1.12). Let (U , p) analytic. If (U , p) has rational
singularities, then σ((U , p)) is finite.
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In particular we use Property 3.14 in Theorem 4.6. In Section 4 we study Q-factoriality
and local analytic Q-factoriality by analyzing properties of the local class group and the local
Picard group.
Definition 3.15 (The divisor class group, the local divisor class group).
The Divisor Class group Cl(X) is the group of Weil divisors modulo the principal divisors.
The Picard group Pic(X) is the group of Cartier divisors modulo the principal divisors.
The local (analytic) divisor class group, Cl(OX,x) and Cl(OhX,x), is geometrically the group of
local Weil divisors modulo the principal divisors.
The following results 3.16, 3.17 hold both in the algebraic and analytic settings [40]:
Proposition 3.16. Cl(OX,x) = lim
→
Pic(V), where the limit is taken over the set of V ⊂
Spec(OX,x) such that Oz is factorial ∀ z ∈ V.
Cl(OhX,x) = lim→
Pic(V), where the limit is taken over the set of V ⊂ Spec(OhX,x) such that
Oz is factorial ∀ z ∈ V.
Corollary 3.17. Let U be an open set and Z ⊂ U proper, closed, with codimZ ≥ 2. Then
Cl(U) ≃ Cl(U \ Z).(4)
If Z is the singular locus of X , then Pic(U \Z) ≃ Cl(U). If dimU ≥ 3 and p ∈ U an isolated
singularity, Pic(U \ p) ≃ Cl(OU ,p).
Definition 3.18. Pic(U \ p) is usually called the local Picard group, but the notation in the
literature is not uniform; we refer to [50]. In the following Section 4 we review equivalent
definitions and prove some properties.
4. Almost factoriality and other properties; Q-factorializations
4.1. The algebraic definition. Let A be a local noetherian normal domain.
Definition 4.1 (The local divisor class group). Cl(A) is the quotient of the divisorial ideals
WDiv(A) modulo the principal ideals in A; Pic(A) is the quotient of the invertible ideals
CDiv(A) modulo the principal ideals in A.
The divisorial ideals are the Weil divisors in U = Spec(A). We will apply the definitions
and results stated below to the local ring OX,x = A and Spec(OX,x) = U . Recall that A is
factorial if and only if it is a unique factorization domain. In the algebra literature, see for
example [26], Q-factorial is referred to as almost factorial:
Definition 4.2. A is almost factorial (respectively factorial) if Cl(A) is torsion (respectively
zero).
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Proposition 4.3. The local class group Cl(A) is torsion (zero) if and only if
WDiv(A)/CDiv(A) is torsion (respectively WDiv(A)/CDiv(A) = 0).
Proof. It follows from [7, 26, 73]. 
Equivalently, A is almost factorial (respectively factorial) if and only ifWDiv(A)Q/CDiv(A)Q
is torsion (respectively WDiv(A)/CDiv(A) = 0).
4.2. Geometry. In the case of isolated singularities one can directly prove
Proposition 4.4. Let (U , p) be an analytic contractible germ open set and p ∈ U an isolated
singularity. Then
Cl(OhU ,p) ≃ Pic(U \ p) ≃WDiv((U , p))/CDiv((U , p)) .(5)
Therefore, by Remark 3.12 (U , p) is analytically Q-factorial if and only if σ(U , p) = 0, that
is the local analytic divisor class group Cl(OhU ,p) is torsion.
4.3. Q-factorializations. Recall that the nodal quintic threefold X ⊂ P4 of equation x0g0 +
x1g1 = 0, with g0, g1 general quartic polynomials in the variables [x0, · · · , x4], is not Q-
factorial, as the Weil divisor D defined by x0 = g1 = 0 is not Cartier. Recall that the
birational morphism obtained by blowing up P4 along D provides a small projective resolution
X1 → X ; in particular X1 is a Q-factorial variety. When the isolated singularity is toric, X
is not Q-factorial if and only if the maximal cone corresponding to the toric singular point is
not simplicial; a Q-factorial birational model X1 together with a small morphism X1 → X is
achieved by a simplicial subdivision of the cone. More generally, we have
Theorem 4.5 (Corollary 1.4.3, [9]). Let X be an algebraic threefold with klt singularities. If
X is not Q-factorial, there exists a small projective birational morphism φ : X1 → X, where
X1 is Q-factorial with klt singularities.
The above algebraic Q-factorialization Theorem 4.5 was first proved by Kawamata in Co-
rollary 4.5 [46], for a threefold analytic germ with at most terminal singularities. In the proof
Kawamata uses the classification of threefold terminal singularities and he reduces to singu-
larities of index one. Birkar, Cascini, Hacon and McKernan prove Corollary 1.4.3 in [9] as a
consequence of their celebrated Theorem of the finite generation of the canonical ring.
Kawamata in Corollary 4.5’ [46] also proves the analytic Q-factorialization for a threefold
analytic germ with terminal singularities. We need an analytic Q-factorialization result for klt
singularities.
Theorem 4.6. Let (Uh, p) be a threefold analytic germ with at most an isolated klt singularity
at p. If (Uh, p) is not analytically Q-factorial, there exists a small bimeromorphic morphism
φ : Vh → Uh, where Vh is analytically Q-factorial with klt singularities.
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We first need1
Theorem 4.7 (Algebraic Approximation, [3], Th. 3.8). Let (Uh, p) be a threefold analytic germ
with an isolated singularity at p and Dh a Weil divisor. There is a normal quasi-projective
variety X, an open neighborhood U ⊂ X, p ∈ U , and a Weil divisor D such that, possibly after
restricting Uh, there exists a biholomorphic map m : Uh → U with m(Dh) = D.
In Artin’s result the singularities are isolated.
Proof of Theorem 4.6. Let D be a generator of Cl(OhUh,p). After possibly further restrict-
ing to smaller open neighborhoods of p, we have that D is a generator of Cl(OU ,p) and
WDiv(U)/CDiv(U) (Theorem 4.7). By Theorem 4.5 there exists a small projective birational
morphism φ : U1 → U , where U1 is Q-factorial with klt singularities. Then m−1 · φ : Uh1 → U
h
is a small bimeromorphic morphism, and σ(Uh1 ) < σ(U
h). In addition, Uh1 has klt singularities.
Since σ(Uh) is finite (Theorems 3.3 and 3.14) by repeating the process if necessary we obtain
the Theorem. 
Also Kollár kindly provided us another proof: Theorem 3.10 in [3] and [42] implies that for
any finitely generated subgroup G ⊂ Cl(OhUh,p) there is an algebraic approximation U such
that G is contained in the image of Cl(OU ,p).
In general the relation between the algebraic and analytic class groups is quite delicate.
See for example [57] for surface rational double points as well as [11]. There are examples of
isolated analytic singularities such that the local (analytic) class group cannot be reconstructed
from the local (algebraic) class group of any algebraic approximation [50] (in case of isolated
singularities the class group and the local Picard group are identified (Definition 3.18).
4.4. Q-factoriality and the “Calabi-Yau condition".
Theorem 4.8 (Kollár, see also Proposition 3.5, [27]). Let X be a normal Q-factorial scheme,
X˜ a normal scheme and φ : X˜ → X a birational morphism. Then any irreducible component
of the exceptional locus has codimension one.
Note that the proof also works in the analytic setting. Combining Kollár’s Theorem and
the previous Q-factorialization results we have:
Corollary 4.9. Let X be an algebraic threefold with klt singularities. There exists a small
birational bimeromorphic morphism φ : X˜ → X if and only if X is not Q-factorial.
Corollary 4.10. Let (Uh, p) be a threefold analytic germ with at most an isolated klt singularity
at p. There exists a small bimeromorphic morphism φ : U˜h → Uh if and only if (Uh, p) is not
analytically Q-factorial.
1We thank J. Kollár for pointing out Artin’s [3].
10 ANTONELLA GRASSI AND TIMO WEIGAND
If X is a threefold with canonical singularities and KX ≃ OX , then a smooth resolution
X˜ → X with KX˜ ≃ OX˜ can exist only if either X is canonical but not terminal or X is not
Q-factorial. It is often of interest in the physics literature to determine the existence of such
resolutions, which are said to preserve the “Calabi-Yau condition", see for example [2].
5. Cohomologies, local and global (analytic) Q-factoriality, Rational
Poincaré
Theorem 5.1 ( [16], [29], [55]). Let X be a complex compact analytic threefold. The intersec-
tion cohomology of X has Poincaré duality over Q: IHi(X,Q)
∨
≃ IH6−i(X,Q).
Theorem 5.2 ( [16], [18], [65]; conjectured in [55]). Let X be a complex projective algebraic
variety. The intersection coholomogy IHk(X,Q) has a pure Hodge structure of weight k,
in particular there is a Hodge decomposition with the property IHi,j(X,C) = IHj,i(X,C),
k = i+ j.
If X is smooth then the intersection cohomology equals the regular cohomology. This is
also true for other types of singular varieties, in particular for rational homology manifolds:
5.1. Rational homology manifolds. Recall that all varieties are assumed to be normal and
connected.
Definition 5.3. A complex threefold X is a rational homology manifold if and only if for
every point p ∈ X , H6(X,X \ p; Q) = Q and Hi(X,X \ p; Q) = 0, i ≤ 5.
Orbifolds are examples of rational homology manifolds. We are interested in rational ho-
mology manifolds which are not orbifolds. In fact, an application and motivation of this paper
is the study of singular Calabi Yau threefolds, while three-dimensional Gorenstein orbifold
singularities are smooth.
Theorem 5.4 ( [28, 29]). Let X be a complex analytic variety which is a rational homology
manifold. The intersection cohomology and the ordinary (simplicial) cohomology coincide. In
particular if X is compact, Poincaré duality holds and χtop(X) can be computed with any of
these theories.
Definition 5.5. L is a rational homology 5-sphere if and only if H0(L,Q) = H5(L,Q) = Q
and Hi(L,Q) = 0, 0 < i < 5.
Let p ∈ U ⊂ Cn, dimC U = 3, D a suitable small ball around p, Vp = U ∩D, S = ∂D and
Lp = U ∩ S. Lp is the link of p ∈ U . (If p is an isolated singular point, then Vp ∩D is a cone
over Lp.)
Then, see for example [56]:
Proposition 5.6. X is a rational homology manifold if and only if, ∀ p ∈ X, the link Lp is
a rational homology sphere.
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5.2. Rational homology manifolds and Q-factoriality.
Theorem 5.7 (with J. Shaneson). Let U ⊂ Cn, dimC U = 3 an algebraic (analytic) variety
with rational singularities. Assume that U \ Γ is smooth and that for every p ∈ U , π1(Lp)
is finite. Then U is a rational homology manifold if and only if U is locally analytically Q-
factorial.
Proof. We will prove that Lp is a rational homology sphere, for all p ∈ U if and only if
(U , p) is locally analytically Q-factorial. The statement then follows from Proposition 5.6. By
assumption, H1(Lp,Q) = 0.
U is complex and normal, thus codimΓ ≥ 2. Let Z be the support of Γ as a topological
variety, Z(2) the singular locus of Z and Z(1)
def
= Z \ Z(2).
Case 1 : p ∈ Z an isolated singularity. By restricting U let us assume that (U , p) is a small
neighborhood with an isolated singularity at p. We can then follow the argument of [48, Lemma
4.2] for terminal singularities. SinceH1(Lp,Q) = 0 by Poincaré duality we haveH4(Lp,Q) = 0.
Because the singularities are rational, Flenner’s result [23, Satz 6.1] implies that H2(Lp,Z) ≃
Pich(U \ p) = Cl(OhU ,p). Then H3(Lp,Q) = H2(Lp,Q) = 0 if and only if the local class group
Cl(OhU ,p) is torsion, that is, (U , p) is analytically Q-factorial (Proposition 4.4).
Case 2 2: p ∈ Z(1). By suitably restricting U we can assume that U is a small open homotop-
ically equivalent neighborhood of W
def
= D2 × cK, where cK is the cone over a real 3-manifold
K, with cone point C and D2 ⊂ C3 a ball [29]. Let Lp be the link of p.
P
K3 : 3 manifold
cone over k : A
Lp : a link of P
Z(1) ∼= D2
Then U ⊃ W and
Lp = ∂W = (∂D
2 × cK) ∪ (D2 ×K),(6)
Lp \ Z ∩ Lp = [∂D2 × (cK \ C)] ∪ (D2 × K). The Mayer-Vietoris sequence for cohomology
implies that H2(W \Z,Z) ≃ H2(Lp \Z,Z) = H
2(K,Z). Because the singularities are rational,
Flenner’s result [23, Satz 6.1] implies that H2(Lp \ Z,Z) ≃ Cl(OhU ,p). Then Cl(O
h
U ,p) is finite
if and only H2(K,Q) = 0. Since K is a manifold, Poincaré duality implies that H2(K,Q) = 0
if and only if K is a homology 3 sphere. We already remarked that H1(Lp,Z) = 0; we
now use the Mayer-Vietoris sequence for homology and the decomposition in (6) to compute
Hi(Lp,Z), i = 2, 3, 4. Then Hi(Lp,Z) = 0, i = 2, 3, 4 if and only if H
2(K,Q) = 0, that is if
and only if Cl(OhU ,p) is finite. The statement from W follows from Proposition 4.3.
2We are grateful to M. Bies for providing us with the TeX code for the figure.
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Case 3 : p ∈ Z(2). Again, by suitably restricting U , we can assume that Z(2) ∩ U = {p}, and
Lp = (Lp \ Z ∩ Lp) ∪ℓ S
1
ℓ , S
1
ℓ ⊂ Z
(1) ∩ Lp. Write:
Lp = (Lp \ Z ∩ Lp) ∪ℓ Nℓ,(7)
where Nℓ is open, it has the same homology of S
1 and Nℓ → S
1, with fiber cK, a cone on 3
manifold K. Take q ∈ S1ℓ , Wq
def
= D2 × cK to be a small neighborhood of q in U [29].
Claim 1: Lp is a rational homology manifold if an only if Wq is locally analytically Q-factorial,
∀q ∈ Z ∩ Lp.
Proof of Claim 1. Recall that q ∈ Z(1), as in Case 2. We will prove that Wq ∩ Lp is a
rational homology sphere if and only if Wq is locally analytically Q-factorial, for all q. In fact
the previous description implies that Wq ∩ Lp = I × cK is a neighborhood of q in Lp, hence
Wq ∩ Lp is a rational homology sphere if and only if K is a rational homology sphere [29].
From Case 2 we know that K is a rational homology sphere if and only if Wq is analytically
Q-factorial.
Claim 2: If Lp is a rational homology manifold H4(Lp,Q) = 0.
Proof of Claim 2. Poincaré duality.
Claim 3: H2(Lp,Q) = 0, if an only if U is locally analytically Q-factorial.
Proof of Claim 3. To compute H2(Lp,Q) we use again the Mayer-Vietoris sequence for homo-
logy and the decomposition in (7). Note that for each q, (Lp \ Z ∩ Lp) ∩Nq is homologically
a bundle over S1, with fiber K. Then H2(∪Nq,Q) = 0; recall that H2(Lp \ Z ∩ Lp,Q) = 0 if
and only if Cl(OhU ,p) is finite [23]. We conclude again by Proposition 4.3.
Claim 4: If Lp is a rational homology manifold and H2(Lp,Q) = 0 then H3(Lp,Q) = 0.
Proof of Claim 4. By Poincaré duality. 
Theorem 5.8. Let U ⊂ Cn, dimC U = 3 an algebraic threefold with klt singularities. Then U
is a rational homology manifold if and only if U is locally analytically Q-factorial.
Proof. In fact π1(Lp) is finite [76, Cor 1.5]. The statement then follows from Definition 3.9,
Proposition 5.6 and Theorem 5.7. 
Banagl shows that a threefold X with canonical singularities, trivial canonical divisor and
h1(X,OX) > 0 is a rational homology manifold [6, Remark 6.4, page 29]. The threefolds in
the examples 5.10 and 5.11, a rational homology manifold and one which is not, below can be
taken to be Calabi-Yau (trivial canonical divisor and h1(X,OX) = 0).
Example 5.9. (Rational homology manifolds, non rational homology manifolds, local)
Let (U , p) be an Aa−1 Kleinian threefold singularity, that is (U , p) is the zero-locus of
f(z, x1, x2, x3) = z
a+x21+x
2
2+x
2
3 with a ≥ 2 ∈ N . These are terminal (and non-canonical)
singularities [67, Th. 1.1]. A local, small resolution is possible if and only if a is even, [67,
Cor. 1.6], [5,13]. Then Corollaries 4.9 and 4.10 imply that (U , p) is Q-factorial (locally analytic
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Q-factorial) if and only if a is odd. On the other hand one can also find directly that (U , p)
is a rational homology manifold if and only if a is odd [12], [20, Theorem 4.10]. Flenner [23]
proves the statement directly using the local divisor class group (see Section 4).
Both these types of examples occur in examples of (elliptically fibered) threefolds with
Q-factorial terminal singularities:
Example 5.10. (A threefold with Q-factorial terminal singularities and a rational homology
manifold.) Let π : X → B be an elliptic fibration in Weierstrass form with general singular
Kodaira fibers of type II (cusps) and I1 (nodes) over the smooth points of the discriminant of
the fibration. Then the singularities of X are Q-factorial, terminal, but not smooth, with local
equation za0 +
∑
i=1,3 z
2
i = 0, with a odd. These singularities are analytically Q-factorial and
X is a rational homology manifold. This is Case 2 in the proof of Theorem 9.4, see also [2].
Example 5.11. (A threefold with Q-factorial terminal singularities but not a rational homo-
logy manifold.) Let π : X → B be a general elliptic fibration in Weierstrass form with singular
Kodaira fibers of type I1 over the smooth points of the discriminant of the fibration such that
the singular points of the discriminant are cusps and simple normal crossing divisors. Then
the singularities p ∈ X occur over the simple normal crossing points of the discriminant; these
singularities are ordinary double points (“conifold") terminal Q-factorial, but not smooth, with
local equation z20 +
∑
i=1,3 z
2
i = 0. These are not analytically Q-factorial, and X is not a ra-
tional homology manifold. The Jacobian elliptic fibration of a general genus one fibration has
exactly this type of singularities see for example [10,59]. This is in fact Case 1 in the proof of
Theorem 9.4, see also [2].
In the next Section we show that nevertheless threefolds with isolated klt singularities satisfy
some Poincaré duality over the rationals.
5.3. Rational Poincaré Duality.
Remark 5.12. R¯3 = E
3/ < −ωI3 > is an example of a “Calabi-Yau" threefold with isolated
klt but not canonical singularities [63]. Here E = C/(Z+ ωZ) and ω = e
2
3πi. The canonical
divisor is numerically trivial, h1(R¯3,OX) = h2(R¯3,OX) = 0, it is elliptically fibered and it is
a rational homology manifold. R¯3 is also rational [64]. Klt varieties with numerically trivial
canonical divisors have Bochner’s type properties [37].
More generally, we can prove
Theorem 5.13. Let X be a projective algebraic threefold with isolated klt singularities.
(1) The cup product with the fundamental class gives an isomorphism
H5(X,Q)
∼
−→ H1(X,Q), that is H5(X,Q) and H1(X,Q) are Poincaré duals over the
rationals.
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(2) If in addition b2(X) = b4(X), X satisfies rational Poincaré duality, i.e. the cup product
with the fundamental class gives Poincaré duality with rational coefficients.
Proof. If X is a rational homology manifold, both statements follow from Theorem 5.4 (no
assumption of b2(X) = b4(X) is needed). If X is not a rational homology manifold, then it is
not locally analytically Q-factorial by Theorem 5.8. Let {(U , P )} be a collection of contract-
ible neighborhoods of the isolated singular points {P} which are not analyticaly Q-factorial;
without loss of generality we can assume that any two neighborhoods (U , P ) do not inter-
sect. Let φP : (U
′
P ,ΓP ) → (UP , P ) be the Q-factorialization, that is a small bimeromorphic
morphism, an isomorphism in codimension 1, with (U ′P ,ΓP ) analytically Q-factorial and klt
(Theorem 4.6). U ′P is simply connected [74]
3 and U ′P is contratctible to the exceptional locus
ΓP . Hence H1(U ′P ) = H3(U ′P ) = H4(U ′P ) = H5(U ′P ) = 0. Let X ′ be the complex analytic
threefold obtained by patching inX\∪{UP} the collection of the singular neighbhoroods {U ′P }.
Let f : X ′ → X be the induced morphism. The commutative diagrams obtained by combining
the Mayer-Vietoris sequences in homology and cohomology for X = (X \ ∪PP )
∐
P UP and
X ′ = (X \ ∪PΓP )
∐
P U
′
P imply that:
H1(X) ≃ H1(X ′), H5(X) ≃ H5(X ′), H4(X) ≃ H4(X ′) , and H5(X) ≃ H5(X ′).
Theorems 5.7 and 5.8 show that X ′ is a rational homology manifold, then Poincaré duality
on X ′ holds and the top arrows in the diagrams below are isomorphisms:
H5(X ′)
∩[X′]
// H1(X
′)
≃

H5(X)
≃
OO
∩[X]
// H1(X)
H4(X ′)
∩[X′]
// H2(X
′)
f∗

H4(X)
≃
OO
∩[X]
// H2(X)
The first statement follows immediately. The Mayer-Vietoris sequence implies also that
f∗ : H2(X
′)→ H2(X) is surjective, and thus, if b2(X) = b4(X), H4(X)
∩[X]
→ H2(X) is an
isomorphism, as a surjective morphism between spaces of the same dimension. 
Proposition 5.14. Let X be a projective Q-factorial threefold with isolated rational hypersur-
face singularities and h2(X,OX) = 0, then b2(X) = b4(X).
Proof. It follows from [62, Theorem 3.2]. 
Corollary 5.15. Let X be a projective Q-factorial threefold with klt isolated hypersurface
singularities and h2(X,OX) = 0. Then X satisfies rational Poincaré duality.
Proof. It follows from Theorem 5.13 and Proposition 5.14. 
3Shepperd-Barron proved in an unpublished note in 1989 that U ′P is simply connected when P is a canonical
singularity.
ON TOPOLOGICAL INVARIANTS OF THREEFOLDS WITH SINGULARITIES 15
Theorem 5.16. Let X be a projective Gorenstein Q-factorial threefold with terminal singu-
larities and h2(X,OX) = 0. Then X satisfies rational Poincaré duality.
Proof. In fact, threefold Gorenstein terminal singularities are isolated rational hypersurface
singularities (see Theorem 3.3 and Remark 3.4). The statement follows from the previous
Corollary 5.15. 
Corollary 5.17. Let X be a projective minimal threefold of Kodaira dimension 0. Then X
satisfies rational Poincaré duality.
Proof. If h1(X,OX) 6= 0 then X is a rational homology manifold [6, Remark 6.4, page 29]. If
h1(X,OX) = 0 then X is either a Calabi-Yau or a quotient of a Calabi-Yau by a finite group
and the statement follows from Theorem 5.16. 
In particular:
Corollary 5.18. Let X be a projective Q-factorial Calabi-Yau or Gorenstein Fano threefold
with terminal singularities. Then
χtop(X) = 2{1 + b2(X)} − b3 .
Proof. In fact X satisfies rational Poincaré duality.

6. The third Betti number (and complex deformations of Calabi-Yau
threefolds)
6.1. Milnor and Tyurina numbers. Let (U , 0) ⊂ Cn+1 be a neighborhood of an isolated
hypersurface singularity P = 0, defined by f = 0.
Definition 6.1. The Milnor number of P can be defined as
m(P ) = dimC(C{x1, . . . , xn+1}/<
∂f
∂x1
, . . . ,
∂f
∂xn+1
>) .
Definition 6.2. The Tyurina number τ(P ) is the dimension of the space of versal deformations
of the hypersurface singularity at P in U and it is computed algebraically as
τ(P ) = dimC(C{x1, . . . , xn+1}/ < f,
∂f
∂x1
, . . . ,
∂f
∂xn+1
>).
Remark 6.3. m(P ) ≥ τ(P ) and Saito proved that τ(P ) = m(P ) if and only if P is a weighted
hypersurface singularity [54, 69]. Saito’s Theorem has been generalized to complete intersec-
tions by Greuel [38].
m(P ) and τ(P ) are also computable by SINGULAR [39] and Maple [68].
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6.2. Complex deformations and b3(X).
Proposition 6.4. Let X be a Q-factorial Calabi-Yau threefold with terminal singularities
and let CxDef(X) denote the dimension of the Kuranishi space of X, the space of complex
deformations of X. Then
CxDef(X) = CxDef(Xt) =
1
2
b3(Xt)− 1 =
1
2
{b3(X) +
∑
P
m(P )} − 1,
where Xt is the smoothing of X and m(P ) the Milnor number of the singular point P .
Proposition 6.5. Let X be a Q-factorial Calabi-Yau threefold with terminal singularities
which are weighted hypersurface singularities and let CxDef(X) denote the dimension of the
Kuranishi space of X, the space of complex deformations of X. Then
CxDef(X) =
1
2
{b3(X) +
∑
P
τ(P )} − 1,
where τ(P ) is the Tyurina number of the singular points P .
Proof of Propositions 6.4 and 6.5. The singularities are hypersurface singularities since they
are terminal of index 1. Proposition 6.4 and Proposition 6.5 follow from Theorems 1.3 and
3.2 in [62] and from Remark 6.3 above [69]. Theorem 1.3 proves that a Q-factorial Calabi-Yau
threefold with terminal singularities admits a smoothing to a Calabi-YauXt. Theorem 3.2 also
proves that if a threefold X with isolated rational hypersurface singularities has a smoothing
Xt and h
2(X,OX) = 0, then b3(X) = b3(Xt) −
∑
sing P m(P ), where m(P ) are the Milnor
numbers of the singularities. 
Remark 6.6. Proposition 6.4 implies that 12b3(X)+
1
2
∑
P m(P ) ∈ Z, but in general
1
2b3(X) /∈ Z
because the Hodge decomposition and Hodge duality may not hold. The Kleinian hypersurface
singularities of type Aa−1 of Example 5.9 are weighted hypersurface singularities, and thus
m(P ) = τ(P ) = a− 1. They are rational homology manifolds if and only if a is odd, in which
case both b3 = 2h
1,2 and a− 1 are even.
Remark 6.7. If X is a Calabi-Yau variety with Q-factorial terminal singularities, the dimension
of the space of complex deformations splits into a "localized" and “non-localized" contribution,
given by the dimension of the versal deformation space of the singularities and, respectively,
the remaining deformations:
CxDef(X) = −1 +
1
2
{b3(X) +
∑
P
(m(P )− 2τ(P ))}
︸ ︷︷ ︸
non−localized
+
∑
P
τ(P )
︸ ︷︷ ︸
localized
.(8)
In Section 9.2 we present a natural interpretation of this decomposition for physics.
The decomposition (8) suggests the existence of a “local-to-global principle" for deformations
of Calabi-Yau threefolds with Q-factorial terminal singularities:
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Conjecture 6.8. There exists a natural decomposition of the Kuranishi space of X into the
space of complex structure deformations of X which deform the isolated singularities, whose
dimension is the sum of the dimensions of the versal deformations (Tyurina numbers), and the
remaining space of deformations of X which do not change the location or form of the isolated
singularities.
Note also that in the general hypothesis considered in Section 9 and [2] mP = τP .
7. The second Betti number (and Kähler deformations); topological Euler
characteristic
Let X be a (normal) complex threefold with h2(X,OX) = 0. The exponential sequence, see
for example [36, pg. 142], implies that b2(X) is the rank of the Néron-Severi group, namely
b2(X) = KaDef(X) (Section 2).
More generally the following holds:
Theorem 7.1 (Srinivas, see Appendix). Let X be a normal projective variety over the field C
of complex numbers. Let π : Y → X be a resolution of singularities. Assume R1π∗(OY ) = 0
(this condition is independent of the choice of resolution). Then
(1) the singular cohomology H2(X,Z) supports a pure Hodge structure;
(2) the Néron-Severi group, NS(X)
def
= c1(Pic(X)) ⊂ H2(X,Z) coincides with the sub-
group of (1, 1) classes, i.e. with the subgroup
{α ∈ H2(X,Z)|αC ∈ H2(X,C) is of type (1, 1)}.
The above Theorem is used in the Section 8.
Corollary 7.2. Let X be a projective Q-factorial threefold with isolated klt hypersurface sin-
gularities and h2(X,OX) = 0. Then
χtop(X) = 2{1− b1(X) + KaDef(X)} − b3(X) .
Proof. In fact b2(X) = KaDef(X), as we observed at the beginning of this Section. The
statement then follows from Corollary 5.18. 
Corollary 7.3. Let X be a projective threefold with h2(X,OX) = 0 and Q-factorial rational
singularities which are analytically Q-factorial, then
χtop(X) = 2− 4h
1,0(X) + 2KaDef(X)− b3(X)(9)
= 2− 2h0,3(X)− 4h1,0(X) + 2{KaDef(X)− h1,2(X)}.(10)
Theorem 7.4. Let X be a Calabi-Yau threefold with Q-factorial terminal singularities. Then
χtop(X) = 2{KaDef(X)− CxDef(X)}+
∑
P
m(P ),
where m(P ) is the Milnor number of the singular point P .
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Proof. The statement follows from Proposition 6.4 and Corollary 7.2. 
Corollary 7.5. All the terms in the equation of Theorem 7.4 do not depend on the choice of
minimal model X.
Proof. In fact, let X and X ′ be birationally equivalent minimal threefolds with Q-factorial
terminal singularities. Then bj(X) = bj(X
′) ∀j [49, Theorem 3.2.2]. Since birationally
equivalent minimal models are related by flop transitions, KaDef(X) = KaDef(X ′). Also, X
and X ′ have the same analytic type of singularities [48, Theorem 2.4]; hence they also have
the same Milnor numbers. Furthermore the dimensions of the miniversal deformation spaces
are the same [51, Theorem 12.6.2]. 
8. Gauge algebras and representations (a Brieskorn-Grothendieck Program)
It was noted by Du Val and Coxeter [17,21] that rational double points are classified by the
Dynkin diagrams of the simply laced Lie algebras of type an, dn, e6, e7, e8. In fact, if we resolve
the singularity by blowing up, the dual diagram of the exceptional divisors is one of the above
Dynkin diagrams. Further connections between the Lie algebras and surface singularities were
discovered in works by Brieskorn, Grothendieck, Tyurina, and Slodowy. A mathematical ex-
planation of the parallelisms of the classification remains elusive. String theory provides a
framework in which a Lie algebra g, the “gauge algebra", is naturally associated to an elliptic
fibration between Calabi-Yau manifolds. All the Dynkin diagrams, including the non-simply
laced ones, occur. Deep relations between g, its representations and the geometry of the fibra-
tion have emerged, however the correspondence is often case by case and the assumption of
smoothness imposes restrictions. In this section we review and state the expected correspond-
ence in mathematical terms, and extend it to singular varieties, in particular to Q-factorial
terminal singularities.
In Sections 8.1.2 and 8.1.3 we construct the algebras, in Sections 8.2.1 and 8.2.2 we define a
map between the codimension one and two strata of the discriminant locus of the fibration and
the representations of the algebra. Theorem 9.4 in the following Section 9 provides evidence
for a “Brieskorn-Grothendieck Program", associating Lie algebras and their representations to
singularities of varieties.
Although Calabi-Yau threefolds with terminal singularities and elliptic fibrations are the
focus of the applications in Section 9, in this Section we state definitions and results in more
generality.
Definition 8.1. A genus one fibration is a morphism π : X → B whose fibers over a dense set
are genus one curves. The complement of this dense locus is the discriminant of the fibration
and it is denoted by Σ. X is relatively minimal if KX · Γ ≥ 0, for all the curves Γ contracted
by π (or equivalently KX is π
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If a genus one fibration π has a section σ : B → X , it is called an elliptic fibration.
The support of the discriminant locus of a X → B a genus one fibration has a stratified
structure given by its singularities; we analyze this in Section 8.2. If X and B are smooth
and π is an elliptic fibration, X is the resolution of the Weierstrass model W of the fibration,
which has Gorenstein singularities [61]:
Definition 8.2. A Weierstrass model W is defined by y2z− (x3+αxz2+βz3) = 0 where α, β
are sections of L⊗4 and L⊗6 with L a line bundle on B.
If dimW = 2, the singularities ofW are the rational double points. If L = O(−KB), KW ≃
OW . We are mostly interested in Weierstrass models W which are birationally Calabi-Yau
varieties. By a rescaling of the Weierstrass equation, possibly together with a suitable blowup
of the base, we assume that α and β nowhere vanish simultaneously with multiplicity equal
to or higher than 4 and 6, that is there there are no “non-minimal" points. The assumption
is necessary for the existence of an equidimensional birationally equivalent elliptic fibration
X → B; X is a relative minimal model of W → B. The condition is also sufficient when
dimW = 3 [31].
Assuming X to be smooth imposes restrictions. However, without loss of generality we can
still assume that B is smooth if dim(X) = 3 [30, 61].
8.1. (Gauge) algebras and the codimension one strata of the discriminant.
8.1.1. The abelian components of the gauge algebra. If the Mordell-Weil group of the elliptic
fibration has rank r > 0, the gauge algebra includes an abelian part u(1)⊕r. We briefly discuss
the Mordell-Weil group and the abelian part of the gauge algebra after Theorem 9.4; in the
present work we focus on the non-abelian part of the gauge algebra.
Next we present two methods to describe the non-abelian gauge algebras associated to the
fibration, the first one uses the existence of a section. One novelty in our analysis is also the
presence of singularities on X .
8.1.2. The non-abelian components of the gauge algebra, through the “Tate algorithm".
The proofs of the following Lemmas are along the general arguments of [34], but there they
are not always stated explicitly.
Proposition 8.3. Let B be smooth. To a Weierstrass model W → B there is a naturally
associated Lie algebra g =
⊕
Σj
g(Σj), where the sum is taken over the irreducible components
of the discriminant locus. For any irreducible component Σj, the Kodaira fiber over the general
point of Σj and the possible g(Σj) are listed in the second and third column of Table A.
Proof. The singular fibers for smooth (relatively) minimal elliptic surfaces were classified by
Kodaira [47], and the associated algebra is the one associated to the rational double point of
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the singular Weierstrass model. For Weierstrass threefolds which are equisingular along all
components, this association gives the simply-laced algebras of Table A. By a careful analysis
of Tate’s algorithm [75] we extend the association to all dimensions. The correspondence does
not use the existence of a smooth (relatively) mimimal model of the Weierstrass modelW → B.
The Kodaira classification and Tate’s algorithm only depend on the generic structure of the
elliptic fibration along each irreducible component. The Kodaira-Tate algorithm as elaborated
in Appendix B of [34] can still be applied, since B is smooth and each irreducible component
of the discriminant Σ is a Cartier divisor, which is locally principal. The modified algorithm
starts by constructing resolutions of the general singularities of the Weierstrass model W ,
which are the singularities over the general points of the discriminant locus. Then the analysis
along the irreducible components Σj of the discriminant locus determines the algebra, together
with a possible associated “monodromy" which leads to the non-simply laced algebras. 
The modified Tate algorithm also describes the structure of the partially resolved fibration
near each component:
Lemma 8.4. Let B be smooth, W → B be a Weierstrass model and WΣj → B the partial
general resolution in the Proof of Proposition 8.3. Let Dlj be an irreducible Weil divisor which
maps surjectively onto Σj. Then the elliptic fibration induces on D
l
j the structure of a surface
generically ruled either over Σj or over Σ
′
j, a finite branched cover of Σj. Let ℓj,l be the general
fiber of the ruling. In the non-simply laced case, the cover is of degree 2 unless g(Σj) = g2; in
this case, the degree of the cover is 3.
Note that Dlj is not always normal and also that ℓj,l is not always reduced or irreducible.
8.1.3. The non-abelian components of the gauge algebra, through the intersection matrix.
From now on we consider genus one fibrations of threefolds, although most of what we write
can be generalized to higher dimensions and for more general fibrations:
Definition 8.5. Let Y be a threefold and assume that H2(Y,Q) and H4(Y,Q) are Poin-
caré dual. Let <,>: H2(Y,Q) × H4(Y,Q) → Q be the induced non-degenerate pairing.
For E ∈ H2(Y,Q), let [E]⊥ = {D ∈ H4(Y,Q) s. t. < E,D >= 0}. For B1 ∈ H4(Y,Q), let
[B1]
⊥ = {C ∈ H2(Y,Q) s. t. < C,B1 >= 0}.
We also denote by [E]⊥ its dual in H2(Y,Q). When Y is Q-factorial the pairing is the
intersection pairing between curves and Q-Cartier divisors.
Definition-Proposition 8.6. Let π : Y → B be a fibration with general fiber E and assume
that H2(Y,Q) and H4(Y,Q) are Poincaré dual. Assume also that B and Y are 1-rational.
Then π∗(NS(B)) ⊆ H1,1(Y,Q) ∩H2(Y,Z) ∩ [E]⊥.
Set Λ
def
= H1,1(Y,Q) ∩H2(Y,Z) ∩ [E]⊥ and Λ
def
= Λ/π∗(NS(B)).
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Proof. Note that π∗(NS(B)) ⊆ NS(Y ) ∩ [E]⊥. Since B and Y are 1-rational (Section 3)
NS(Y ) ⊆ H1,1(Y,C) ∩H2(Y,Z), by Theorem 7.1. 
If π : Y → B is a factorial relatively minimal threefold (with terminal singularities) of
a Weierstrass fibration W → B, with B smooth as in Section 8.1.2, Λ is generated by the
exceptional divisors Dlj described in Lemma 8.4, because the fibration is equidimensional [31].
The identification depends on the choice of the Weierstrass model or equivalently on the choice
of the section of the fibration π.
Definition 8.7. Let π : Y → B be a fibration, with general fiber E and Y Q-factorial. Let
H
(π)
2 (Y,Q) be the span in H2(Y,Q) of NE(Y/B), the classes of effective curves contracted
by π, that is the set of ℓ such that π∗(ℓ) = 0. Let L1 be H
(π)
2 (Y,Q) modulo the numerical
equivalence class of E.
Proposition 8.8. Let Y , B and π : Y → B as in Definitions 8.6 and 8.7. Then the Poincaré
pairing induces an integral pairing when restricted to the classes of algebraic curves in L1 and
Λ.
L1 and Λ can be defined also for genus one fibrations. When there is a section we have:
Definition 8.9. Let π : Y → B be an elliptic fibration with section B1 ≃ B. Assume that
H2(Y,Q) and H4(Y,Q) are Poincaré dual. Let [B1]
⊥ be the orthogonal complement within
H2(Y,Q). Let H
(π)
2 (Y,Q) be the span in H2(Y,Q) of the effective curves contracted by π,
L¯ ⊂ H2(Y,Q) the subspace spanned by the ℓj,l in H
(π)
2 (Y,Q) and L2 = H2(Y,Z) ∩ L¯ ∩ [B1]
⊥.
If π : Y → B is a Q-factorial relatively minimal model (with terminal singularities) of a
Weierstrass fibration W → B, as in Section 8.1.2, L1 ≃ L2 and the isomorphism between the
two definitions depends on the choice of a section; in this case we write L
def
= L1 ≃ L2.
Corollary 8.10. Let X → B be a genus one threefold with Gorenstein Q-factorial terminal
singularities and h2(X,OX) = 0. Then L1 and Λ are well-defined and the pairing is integral
when restricted to L1 and to Λ.
L1 and in particular Λ in the statement are well defined if X has isolated klt singularities
and b2(X) = b4(X), by Theorem 5.13.
Proof. Theorem 5.16 implies that H2(X,Q) and H4(X,Q) are Poincaré dual. We noted in
Section 3.2 that a Gorenstein threefold with Q-factorial terminal singularities is actually
factorial. 
In particular a Calabi-Yau threefold with Q-factorial terminal singularities satisfies the
hypothesis of the Corollary. Note also that if h2(W,OW ) = 0 then NS(Y ) ⊆ H
2(Y,Z).
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Proposition 8.11. Let B be smooth, W → B be a Weierstrass model and X → B the bira-
tionally equivalent minimal model with Q-factorial terminal Gorenstein singularities. Equival-
ently, let X → B be an elliptic threefold with Gorenstein Q-factorial terminal singularities and
W → B the associated minimal model. The pairing restricted to L and to Λ gives the negative
of the Cartan matrices of the algebras g(Σj) as in Proposition 8.3.
Λ serves as the coroot lattice of the Lie group G associated with g, and Λ⊗ U(1) serves as
the Cartan subgroup, as in [33, Lemma 1.2].
Proof. The partial resolution constructed in Tate’s algorithm is isomorphic to X over the
general points of Σ. Recall that the fibration π : X → B is equidimensional [31]. Let Dlj
and ℓj,l be defined as in Corollary 8.4. The curves {ℓj,l} generate L over Q, {Dlj} generate Λ;
< ℓj,k, D
l
j >= ℓj,k ·D
l
j gives the negative of the entries of a block of the Cartan matrix. 
Remark 8.12. The Poincaré pairing between Λ and L gives the transpose Cartan matrix; recall
that the Cartan matrix is not symmetric if g is not simply laced. Note also that the rows of
(a block in) the Cartan matrix are the Dynkin coefficients of the roots, the weights of the
adjoint representation. In fact, we will see in the following Section 8.2 that associated to Σj is
an “unlocalized" representation, which is precisely given by the adjoint representation for the
simply laced algebras.
8.2. Representations of (gauge) algebras and the codimension two strata.
The support of the discriminant locus Σ of a genus one fibration has a stratified structure
given by its singularities. In this paper we focus on the codimension one strata, given by the
irreducible components of codimension one in B, and the codimension two strata, given by
the singular locus of Σ and more generally by the codimension two components of Σ in B.
To simplify the statements we assume that dimB = 2, however the statements also hold for
higher dimensions with appropriate modifications. If dimB = 2, we denote by Q a singular
point of Σ.
The “unlocalized "and “localized" representations in the physics language are associated
to the different codimension of the strata of Σ and both occur with a certain multiplicity
which depends on the dimension of the base B. We will present methods for computing the
multiplicities if B is a surface in the following sections. The methods can be extended to the
presence of singularities, as we prove under certain general assumptions in Section 9.
To simplify the statements we assume that B is smooth, W → B be a Weierstrass model
and X → B the birationally equivalent minimal model with Q-factorial terminal Gorenstein
singularities. Equivalently, let X → B be an elliptic variety with Gorenstein Q-factorial
terminal singularities and W → B the associated minimal model. We can assume X → B to
be equidimensional and B smooth. Let B1 be a section of the fibration.
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8.2.1. The unlocalized representations. [Codimension one strata]
Lemma 8.13.
(i) The intersection product between ℓj,k and D
l
j described in Proposition 8.11 gives the
positive simple root vectors αlk = −ℓj,k ·D
l
j, which are weight vectors associated with
the representation adjg(Σj).
(ii) If g(Σj) is not simply laced, there is another naturally associated representation ρ
d−1
0 (Σj),
described in Table A.
Proof. X is smooth over the generic point of the codimension one strata of Σ; see also Remark
8.12. This proves (i). If g(Σj) is not simply laced, let g˜(Σj) be the Lie algebra associated with
the generic fiber of Σj ; it is a cover of the Lie algebra g(Σj). ρ0(Σj) is the representation
determined through the “branching rules" which decompose adjg˜(Σj) as adjg(Σj) ⊕ ρ
d−1
0 (Σj) ,
where d is the degree of the cover introduced in Lemma 8.4 [33]. 
The Lemma motivates the following
Assignment 8.14 (Unlocalized representations). To each irreducible component of the codi-
mension one strata Σj one associates an unlocalized representation of g(Σj) as follows:
If g(Σj) is simply laced, the unlocalized representation is adjg(Σj).
If g(Σj) is not simply laced, the unlocalized representation associated with Σj is adjg(Σj) ⊕
ρ0(Σj) , where ρ0(Σj) is summarized in Table A.
If g(Σj) is simply laced, the multiplicity of the representation is the genus of Σj, g(Σj); if
g(Σj) is not simply laced, the multiplicity is g(Σ
′
j)− g(Σj), with Σ
′
j as in Lemma 8.4.
8.2.2. The localized representations. [Codimension two strata]
Let Q be a singular point of the discriminant Σ. The physics predicts that certain rep-
resentations are associated to Q. We present two ways, Method 8.17 and Method 8.21, to
compute the unlocalized representations, building on [77], [4, 43] and then [45] as elaborated
further in [34]. Our general results imply that the methods can be extended to the case of Q-
factorial terminal singularities, as we will verify explicitly under certain genericity assumptions
in Section 9.
The underlying principles and some first computations were outlined in [77], [4,43] and [45].
Various refinements and verifications, on smooth fibrations, have been made in the physics
literature since. In the case of Calabi-Yau varieties, we will also show that the representations
are independent of the choice of the minimal model.
The constructions described below will give the trivial representation if Q is replaced either
by a general point of B, or a general point in Σ (the codimension one strata).
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We make the following Conjecture, which has been verified under general conditions even
in the presence of Q-factorial terminal singularities, as we will prove in this paper (see Table
A), and in various other examples [2]:
Conjecture 8.15. For Q a singular point of the discriminant Σ as above, denote by XQ
the corresponding fiber in X. Let ℓaQ be the class of an irreducible component of XQ in
H2(X,Z) ∩ [B1]⊥.
(1) The intersection numbers with the ruled divisors Dlj,
βl(ℓaQ) = −ℓ
a
Q ·D
l
j , l = 1, . . . , rk(g(Σj)) ,
form the entries of a weight vector of an irreducible representation ρQ,a of g(Σj).
(2) All weight vectors βlp(ρQ,a), labeled by p ∈ {1, . . . , dim(ρQ,a)}, are obtained by β
l
p(ρQ,a) =
−Cp(ρQ,a) ·Dlj with
Cp(ρQ,a) = ℓ
a
Q +
rk(g(Σj))∑
k=1
nkp ℓj,k, n
k
p ∈ Z .
(3) Some of the curve classes [Cp(ρQ,a)] are represented by effective curves, and the re-
maining ones by anti-effective ones.
In the algebra-geometry dictionary, (2) states that all the weights are obtained by adding
to a weight vector βl(ℓaQ) the linear combinations of the positive simple roots α
l
k with suitable
coefficients nkp ∈ Z, β
l
p(ρQ,a) = β
l(ℓaQ) +
∑rk(g(Σj))
k=1 n
k
p α
l
k. If ℓ
a
Q = ℓj,l is the class of a ruling,
then ρQ,a = adj(g(Σj)), in agreement with the first observation in the proof of Lemma 8.13.
Definition 8.16. Let Cp(ρQ,a) = ℓ
a
Q+
∑rk(g(Σj))
k=1 n
k
p ℓj,k, n
k
p ∈ Z , as in Conjecture 8.15. Let
M(ℓaQ)
def
= {Cp(ρQ,a)} the collection of such curves and −M(ℓaQ)
def
= {−Cp(ρQ,a)}.
Assignment 8.17 (Localized representations, via weight lattices from intersection theory).
With the notation above, we make the following assignments:
(1) To each irreducible fiber components ℓbQ, assign a representation ρQ,b as in Conjecture
8.15.
(2) ℓaQ 6= ℓ
b
Q give independent representations if and only if M(ℓ
b
Q) 6= ±M(ℓ
a
Q).
(3) If M(ℓaQ) = −M(ℓ
a
Q) as a set, then the assigned multiplicity to ρQ,a is δa =
1
2 , other-
wise δa = 1.
(4) The full representation associated with Q, with respect to g(Σj), is then
ρQ =
∑
ρQ,a 6=adjg(Σj)
δa ρQ,a ,
where the sum is over the independent representations different from adj(g(Σj)).
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Remark 8.18. If Q is at the intersection of two different components, for example Σi∩Σj , and
g(Σi) 6= {e} and g(Σj) 6= {e}, then Q gives rise to representations of g(Σi)⊕g(Σj). This must
be taken into consideration in determining the final multiplicity of the representations at Q.
Remark 8.19. In this sense L as in Definitions 8.7 and 8.9 together with the intersection
pairing with Λ defines the weight lattice of the total algebra g. When X is Calabi-Yau, two
birationally equivalent resolutions X and X ′ of the same Weierstrass model W give rise to the
same representations ρQ defined above, as studied in the physics literature e.g. in [22, 41, 43].
We prove this in general in Theorem 9.7.
The novel aspect of this Section is also that the procedure outlined in Method 8.17 continues
to be applicable if X has Q-factorial terminal singularities. In this case, X is the relative
minimal model of W . However, special care must be taken in evaluating the intersection
numbers determining the weights due to the presence of the singularities. As we show in Case
3 in the proof of Theorem 9.4 below, the singularity is associated to a (non)-trivial localized
representation of the algebra.
Before describing the second method to determine the localized representations, we need
the following
Definition 8.20. Let W → Z be a minimal Weierstrass model over a smooth surface Z. Let
z ∈ Z be a point and C ⊂ Z be a general curve through z in a (Euclidean) neighborhood of z.
Consider the Weierstrass surface W|C restricted to C. Without loss of generality we assume
also that W|C defines a minimal Weierstrass surface. Then by g(z) we denote the “gauge"
algebra associated to W|C at the point z.
Note that the singularity of W|C in the fiber over z is a rational double point, and g(z) is
the simply laced Lie algebra with Dynkin diagram the dual graph of the curve of resolution.
Assignment 8.21 (Localized representations, via “Katz-Vafa’s method"). ConsiderW , B and
X as stated at the beginning of Section 8.2, and let Q be a singular point of the discriminant
Σ.
(1) Up to a change of parameter t = zd, there is a family of disks Ct intersecting Σ at Pt
with P0 = Q such that the singularities of π
−1(Ct) admit a simultaneous resolution.
(2) Furthermore, there exists a space of versal deformations of π−1(C0) which is simul-
taneously resolvable, and the parameter curve {z} of Czd is a ramified cover of the
parameter curve of the versal deformations with ramification c at z = 0. Let b = d/c
and locally zd = sb.
(3) Then one can decompose
adjg(Q) = adjg(Q
sb
) ⊕ ρˆQ ⊕ ¯ˆρQ ⊕ 1
⊕(rk(gQ)−rk(g(Qsb )),
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with g(Q) and g(Qsb) as in Definition 8.20.
(4) The representation ρQ associated to Q in X is
ρQ =
1
b
ρ′Q,
where ρ′Q follows from decomposing ρˆQ into representations of g as
(11) ρˆQ = ρ
′
Q ⊕ ρsing ⊕⊕i
1
2
ρ0(Σi).
Here ρsing (if non-zero) is a singlet with respect to g and the factors
1
2ρ0(Σi) may
appear in the decomposition for those Σi with Q ∈ Σi only if g(Σi) is non-simply laced
and Q is a ramification point for the associated monodromy. In this case ρ0(Σi) is as
defined in Lemma 8.13.
Note that (1) and (2) are guaranteed by the Tyurina and Brieskorn-Grothendieck theorems
[14, 72].
Remark 8.22. We show in the following section that Method 8.21 continues to be applicable
in the presence of Q-factorial terminal singularities.
Conjecture 8.23. Refinements of Method 8.17 and Method 8.21 determine the same localized
representations.
The conjecture has been confirmed for various classes of examples, but no general proof has
been obtained.
9. (Gauge) algebras, representations, singularities and the topological
Euler characteristic of Calabi-Yau threefolds
Let X → B be an elliptic Calabi-Yau threefold with Q-factorial terminal singularities and
Weierstrass model W , as in the previous sections.
Singular varieties are in fact unavoidable also in the physics interpretation, even in the case
of Q-factorial Calabi-Yau threefolds with terminal singularities, when there is a smoothing [62],
but the smooth Calabi-Yau lies outside the loci of interest. This is the case of the Weierstrass
models associated with the Jacobian of general genus one fibrations without a section, which
has Q-factorial terminal singularities [10]. For Calabi-Yau fourfolds it is known that even
simple examples of isolated terminal singularities of the type C4/Γ cannot be smoothed [60,71].
We find that while “the gauge algebra" can be associated as in the smooth case, the dic-
tionary described in [8,33,34] between the “anomaly constraints" in physics and the geometry
of the Calabi-Yau must be modified when the Calabi-Yau is singular.
If X = W is smooth, that is the gauge algebra is trivial, 30K2B +
1
2χtop(X) = 0 [33,
Theorem 2.2]. More generally, we define the following invariant R and prove that, under
ON TOPOLOGICAL INVARIANTS OF THREEFOLDS WITH SINGULARITIES 27
general conditions, it contains information about (the dimensions of) certain representations
of the associated gauge algebra.
Definition 9.1. Let
R = 30K2B +
1
2
(
χtop(X) +
∑
P
m(P )
)
,(12)
where the sum is over the singular points P of X with Milnor number m(P ).
By Corollary 7.5, R is independent of the choice of the particular minimal model X , the
Q-factorial terminal resolution of W . R is a topological invariant of X .
9.1. Gauge algebra, general. As in [33], we assume that the discriminant is of the form
Σ = Σ1 ∪ Σ0, where Σ1 is a smooth curve and Σ0 denotes the locus where the general fiber
is nodal (I1 fiber), g(Σ0) = ∅ and g(Σ1) is the associated Lie algebra as in Proposition 8.3.
We also assume that the Weierstrass model is otherwise general (“genericity assumption").
Let λ be the multiplicity of Σ along Σ1. Our assumptions have the following implications, as
summarized in
Proposition 9.2 (Proposition 4.4 in [33]). (1) Σ0 ∩ Σ1 = {Q11, · · · , Q
B1
1 , Q
1
2, · · · , Q
B2
2 }.
The numbers Bi are determined by the algebra g.
(2) (Equivalently:) Σ0 · Σ1 = (−12KB − λΣ1) · Σ1 = r1B1 + r2B2, where the numbers ri
and λ are determined by the algebra g.
(3) The local equation around each point Qℓi does not depend on ℓ, but only on i = 1, 2;
then without loss of generality we write XQi = π
−1(Qℓi).
As in [33] we make the following
Definition 9.3. Let ρ be a representation of a Lie algebra g, with Cartan subalgebra h. The
charged dimension of ρ is (dim ρ)ch = dim(ρ)− dim(kerρ|h).
For example, if ρ is the adjoint representation then
(dim adj)ch = dim g− dim h = dimG− rkG.
Theorem 9.4. Let X,W and Σ be as above and R as in Definition 9.1; let Q ∈ Σ1 denote the
singular points of Σ. Let ρQ be the associated localized representation obtained as in Section
8.2.2. ρQ is given in Table A, a modified version of Table A in [34]. Let P denote the singular
points of X with Tyurina number τ(P ). Then
R = (g − 1)(dim adj)ch + (g
′ − g)(dim ρ0)ch +
∑
Q
(dim ρQ)ch +
∑
P
τ(P ) .(13)
Here g
def
= g(Σ1) and g
′ def= g(Σ′1) denote the genus of the discriminant component Σ1 and,
respectively, of its finite branched cover Σ′1 occurring in Lemma 8.4 and adj = adjg(Σ1), ρ0 =
ρ0(Σ1) are the unlocalized representations according to Lemma 8.13.
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Number Type g ρ0 ρQℓ1 ρQℓ2 (dim adj)ch (dim ρ0)ch dim (ρQℓ1)ch
dim (ρQℓ2)ch
1 I1 {e} – – 0 0 0 0
2 I2 su(2) – fund 2 0 0 2
3 I3 su(3) – fund 6 0 0 3
4 I2k, k ≥ 2 sp(k) Λ20 – fund 2k
2 2k2 − 2k 0 2k
5 I2k+1, k ≥ 1 sp(k) Λ2 + 2× fund
1
2 fund fund 2k
2 2k2 + 2k k 2k
6 In, n ≥ 4 su(n) Λ2 fund n2 − n 0
1
2 (n
2 − n) n
7 II {e} – 0 0 0
8 III su(2) 2× fund 2 0 4
9 IV sp(1) Λ2 + 2× fund 12 fund 2 4 1
10 IV su(3) 3× fund 6 0 9
11 I∗0 g2 7 – 12 6 0
12 I∗0 so(7) vect – spin 18 6 0 8
13 I∗0 so(8) vect spin± 24 0 8 8
14 I∗1 so(9) vect – spin 32 8 0 16
15 I∗1 so(10) vect spin± 40 0 10 16
16 I∗2 so(11) vect –
1
2 spin 50 10 0 16
17 I∗2 so(12) vect
1
2 spin± 60 0 12 16
18 I∗n, n ≥ 3 so(2n+ 7) vect – NM 2(n+3)
2 2n+6 0 NM
19 I∗n, n ≥ 3 so(2n+ 8) vect NM 2(n+3)(n+4) 0 2n+8 NM
20 IV ∗ f4 26 – 48 24 0
21 IV ∗ e6 27 72 0 27
22 III∗ e7
1
256 126 0 28
23 II∗ e8 NM 240 0 NM
Table A. The representations which occur under our “generic” hypotheses. The
associated representation is independent of the particular resolution. Cases with
non-minimal Weierstrass model are denoted “NM”. (dim ρi)ch = Ri.
Number Type g Qℓ1 Q
ℓ
2 χ(XQℓ1) χ(XQℓ2) τ(P1) τ(P2)
1 I1 {e} II I1 (NSR) 2 (II) 1 0 1
5 I2k+1, k ≥ 1 sp(k) I∗2k−2 I2k+1 (NSR) k + 2 (br.) 2k+1 1 0
7 II {e} III (NSR) 2 2
Table B. The fiber types listed in column 4 and in column 5 correspond to the
vanishing orders of the Weierstrass model and not to the topology of the fiber XQℓ
i
of the minimal terminal Q-factorial resolution. In the last two columns we list the
Milnor-Tyurina numbers at the points with Q-factorial terminal singularities (with
no small resolution NSR).
Proof of Theorem 9.4. If X is smooth, m(P ) = τ(P ) = 0, the Theorem has been proved
in [33] by deconstructing χtop(X) with the help of the Mayer-Vietoris sequence and explicitly
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comparing both sides of (13) for all possible 20 types of Weierstrass models subject to the
stated assumptions. In particular, the dimensions Ri = (dim ρi)ch include the multiplicities
of the representations as given in Table A . If X is singular, in our general hypothesis the
Milnor and Tyurina number are equal [69]. There are three more cases to consider. These are
listed as Models number 1, 5 and 7 in Tables A, B taken from [33] with the information on the
singular models completed. In all these cases, χtop(X) is computed via deconstruction [33] as
summarized in equ. (A.11) of [2].
Case 1 (Model 1 in Table A): The fiber over generic points of Σ1 is of Kodaira Type I1
and the gauge algebra is trivial. In the fibers over the points Qℓ2 there are Q-factorial terminal
singularities with Milnor and Tyurina numbers m(P2) = τ(P2) = 1 (Kleinian A2 or conifold);
note that these are not locally analytically Q-factorial. Since the gauge group is trivial, no
charged representations are present. The claim then follows.
Case 2 (Model 7 in Table A): The fiber over generic points of Σ1 is of Kodaira Type
II and the gauge algebra is trivial. In the fibers over the points Qℓ1 there are Q-factorial
terminal singularities (Kleinian A3) with m(P1) = τ(P1) = 2. There are again no charged
representations, and the Theorem follows.
Case 3 (Model 5 in Table A): The fiber over generic points of Σ1 is locally of Kodaira
Type I2k+1 and associated gauge algebra g = sp(k). In the fibers over the points Q
ℓ
2 there
are Q-factorial terminal singularities with m(P2) = τ(P2) = 1; topologically the fiber at Q
ℓ
2 is
the same as the general fiber over Σ1. We claim that the singularity induces a representation
associated to Qℓ2, and that it is ρ2 = fundsp(k). This representation can be understood by
considering the double cover Xˆ of the fibration with I2k+1 fibers over generic points of Σ1,
with associated algebra su(2k + 2). In the language of Method 8.21, this double cover admits
a simultaneous resolution. Hence t = z2, i.e. d = 2. In the double cover, the the fiber
at Qℓ2 becomes I2k+2. The versal deformations of this singularity in Xˆ are parametrized by
a deformation parameter s = t = z2, leading to the parameter b = 1. Following Method
8.21 (and the “branching rules") we decompose the adjoint of g(Qℓ2) = su(2k + 2) into a
representation of g((Qℓ2)s) = su(2k + 1),
su(2k + 2) → su(2k + 1)⊕ u(1)(14)
adjsu(2k+2) → (adjsu(2k+1))0 + (adju(1))0 + (fundsu(2k+1))1 + (fundsu(2k+1))1(15)
and further decompose fundsu(2k+1) into a representation of sp(k),
fundsu(2k+1) |sp(k) = 1 + fundsp(k) .(16)
Note that this decomposition is consistent with the form of formula (11) because Qℓ2 is not a
branch point for monodromy. The sp(k) charged part of the decomposition is the representa-
tion associated with Qℓ2, i.e. ρ2 = fundsp(k). In addition ρ0 = Λ
2 + 2 fund [33]. The RHS of
(13) evaluates to (g−1)(dim(g)−rk(g))+(g′−g)R0+B1R1+B2R2+B2, with Ri = (dim ρi)ch
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as given in Table A and with g′ − g = 12Σ1 · (Σ1 −KB), g − 1 =
1
2Σ1 · (Σ1 +KB) [33]. The
claim follows. 
9.2. F-theory interpretation. In the physics literature mostly smooth models have been
considered; in particular the “F-theory" interpretation of the correpondence between singular-
ities and algebras is on manifolds. However, Q-factorial terminal singularities occur naturally,
for example in the Jacobian variety of a genus one fibration [10], in certain fiber products of ra-
tional elliptic surfaces [59], as well as F-theory duals of generic non-geometric compactifications
of the heterotic string as studied in [24, 25].
Theorem 9.4 is consistent with the cancellation of gravitational anomalies in the six-dimen-
sional effective theory obtained by compactification of “F-theory" on X ,
(17) H − V + 29T = 273,
even when X has singularities. Here
dim(g) = V, h1,1(B)− 1 = T
are the “number of vector multiplets" and the “number of tensor multiplets", respectively.
The “number of hypermultiplets" H splits into the number of “charged" and “uncharged"
hypermultiplets,
H = Hunch +Hch,
where Hunch is the dimension of the complex deformations +1 and Hch is related to the
dimension of the algebra and its representations, with multiplicities. Theorem 9.4 indicates
that Hch andHunch decompose in localized and unlocalized summands. We make the following
Definition 9.5.
(i) Hch = H
unloc
ch +H
loc
ch , with
Hunlocch = g (dim adjg)ch + (g
′ − g)(dim ρ0)ch and H locch =
∑
Q(dim ρQ)ch.
(ii) Hunch = H
unloc
unch +H
loc
unch, with
Hunch = 1 + CxDef(X) and H
loc
unch =
∑
P τ(P ).
The “uncharged localized" hypermultiplets counted by H locunch =
∑
P τ(P ) are the number of
versal deformations of the singularities at P in Remark 6.7. The splitting motivates Conjecture
6.8.
With this definition, and in presence of singularities, Theorem 9.4 is equivalent to the
gravitational anomaly cancellation condition (17), where one has to use thatK2B = 10−h
1,1(B)
and, for the models satisfying the "genericity assumption" of Theorem 9.4, h1,1(X) = 1 +
h1,1(B) + rk(g) as well as m(P ) = τ(P ) [34], [2].
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9.3. Mordell-Weil group and several components.
When the Mordell-Weil groupMW(X) of the elliptic fibration has rank r, the gauge algebra
includes also an abelian part u(1)⊕r, see Section 8.1.1. The codimension two strata of Σ0 will
include additional points Cr (over which the fiber is Kodaira type I2, X locally smooth). Then
according to our assignment, we expect an associated representation associated to the abelian
part of the algebra u(1)⊕r. In the physics framework, this is the contribution of the extra
"charged singlets" localized at Cr to Hch [58]. If X is otherwise general then (13) in Theorem
9.4 continues to hold, but on the RHS we add the additional contribution of
∑
Cr
. The explicit
counting of the points Q furthermore changes accordingly.
Conjecture 9.6. Let X → B be an elliptic Calabi-Yau threefold with Q-factorial terminal
singularities {P}, the relative minimal model of a Weirstrass model W → B.
Assume rk(MW(X)) = r, that the discriminant is of the form Σ = Σ0 ∪ Σ1 ∪ . . . ∪ ΣN with
the simple algebra gi associated to Σi and that the Weierstrass model is otherwise general. Let
R′
def
= 30K2B +
1
2
(
χtop(X)−
∑
P
m(P ) + 2
∑
P
τ(P )
)
.
Then
R′ =
∑
i
(gi − 1)(dim adji)ch + (g
′
i − gi)(dim ρ0,i)ch +
∑
Q
(dim ρQ)ch +
∑
Cr
1 +
∑
P
τ(P ) ,
where gi = g(Σi), g
′
i = g(Σ
′
i), and Q, Cr are the codimension two strata of Σ.
If Q ∈ Σi ∩ Σj, the associated representation ρQ is a tensor product representation with
respect to gi ⊕ gj.
If m(P ) = τ(P ) for all P , R = R′.
9.4. Birational Kodaira Classification and elliptic fibration of higher dimensional
varieties.
Theorem 9.7. The algebra and the representations are birational invariants of the Q-factorial
terminal minimal model X → B.
Proof. R is a birational invariant of the minimal model of the fibration X → B (Corollary
7.5). The gauge algebra and the unlocalized representations are also invariant by construction.
The proof of Theorem 9.4 shows that the possible flops in the fibers over the points Q are
isomorphisms in the neighborhood of the fibers over Q′ for ρQ 6= ρQ′ . 
The dimensions of the representations, listed in last four columns of Table A uniquely, de-
termine the Kodaira type of the general fibers over the codimension one strata of the discrim-
inant, as well as the fibers over the codimension two strata, up to birational transformations
of the relative minimal model of the fibration. Based on Theorem 9.7 we make the following
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Conjecture 9.8. The Kodaira classification of singular fibers on relatively minimal elliptic
surfaces, with section, extends to the class of birationally equivalent relatively minimal elliptic
threefolds. The classification is obtained by associating to the stratified discriminant locus of
the fibration Σ the non abelian gauge algebras and their representations.
We speculate that the classifications can be suitably extended in higher dimension, for
example, in the case of fourfolds with the addition of information on the Yukawa coupling.
Recent work [1] suggests that multiple fibers in a Calabi-Yau of type mI0 are associated to
discrete torsion.
Conjecture 9.9. The Kodaira classification of singular fibers on relatively minimal genus
one surfaces extends to the class of birationally equivalent relatively minimal genus one fibered
varieties as in 9.8. The multiple fibers of multiplicity m in a Calabi-Yau are associated to
discrete torsion Z/mZ.
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ON THE COHOMOLOGY CLASSES OF DIVISORS ON SOME
NORMAL PROJECTIVE COMPLEX VARIETIES
V. SRINIVAS
Our goal here is to prove a result (presumably well-known to experts), giving
a context where the “Lefschetz (1, 1)-theorem” holds for certain singular complex
projective varieties.
Theorem 1. Let X be a normal projective variety over the field C of complex
numbers. Let pi : Y → X be a resolution of singularities. Assume: R1pi∗OY = 0
(this condition is independent of the choice of resolution). Then
(1) the singular cohomology H2(X,Z) supports a pure Hodge structure
(2) the image of the Chern class map c1 : Pic (X) → H
2(X,Z) concides with
the subgroup of (1, 1) classes, i.e. with the subgroup
{α ∈ H2(X,Z) |αC ∈ H
2(X,C) is of type (1, 1)}.
Example 1. Let X be a normal projective variety over C with dimX ≥ 3, and
only isolated Cohen-Macaulay singularities (eg., isolated complete intersection sin-
gularities). Then X satisfies the hypotheses of Theorem 1. (The argument below
is presumably also well known to experts.)
Indeed, let S = {x1, . . . , xr} be the singular locus. If pi : Y → X is a resolution,
then R1pi∗OY is supported within the singular locus, and so is a direct sum of
skyscraper sheaves supported at the points xi. So it suffices to show that the stalk
at each xi vanishes.
Let Zi = Y ×X SpecOX,xi , so that the stalk of R
1pi∗OY at xi is H
1(Zi,OZi).
Let Ei = pi
−1(xi).
Then we have that
H1Ei(Zi,OZi) = 0
from the Grauert-Riemenschneider theorem.
If Ui = Zi \ Ei, which is also isomorphic to the punctured specrum of OX,xi ,
then we have an exact sequence in local cohomology
· · · → H1Ei(Zi,OZi)→ H
1(Zi,OZi)→ H
1(Ui,OUi)→ · · ·
On the other hand, we also have a sequence in local cohomology for the structure
sehaf of SpecOX,xi and its punctured spectrum; this yields an isomorphism
H1(Ui,OUi)
∼= H2Mxi
(OX,xi).
Finally, since I assumed X is Cohen-Macaulay, of dimension ≥ 3, the local
cohomologies satisfy
H
j
Mxi
(OX,xi) = 0 ∀ j < dimX,
and in particular for j = 2.
Thus H1(Zi,OZi) vanishes as claimed. (In fact, one has that R
jpi∗OY = 0 for
j < dimX − 1, by a similar argument.)
1
2 V. SRINIVAS
Now we sketch the proof of Theorem 1.
Proof. We now work with the analytic topology. By GAGA, the conditionR1pi∗OY =
0, for the analytic topology, is the same as the similar condition in the Zariski topol-
ogy. Note also that Pic (X) is identified with the isomorphism classes of analytic
line bundles.
From the exponential sheaf sequence on Y , we have a long exact sequence of
sheaves on X
0→ pi∗ZY → pi∗OY → O
∗
Y
∂
→ R1pi∗ZY → R
1pi∗OY · · ·
Since X is normal, the first three terms are just the exponential sequence on X , and
in particular, ∂ = 0. Since we assumed R1pi∗OY = 0, we get also that R
1pi∗ZY = 0.
Now the Leray spectral sequence implies that
(i) H1(X,Z) → H1(Y,Z) and H1(X,OX) → H
1(Y,OY ) are isomorphisms
(this implies that Pic0(X)→ Pic0(Y ) is an isomorphism)
(ii) H2(X,Z)→ H2(Y,Z) and H2(X,OX)→ H
2(Y,OY ) are injective.
From (ii), it follows that H2(X,Z) supports a pure Hodge structure, which nec-
essarily satisfies F 1H2(X,C) = H2(X,C) ∩ F 1H2(Y,C), and further, using the
exponential sheaf sequence, that
NS(X) = ker
(
H2(X,Z)→ H2(X,OX)
)
= ker
(
H2(X,Z)→ H2(Y,OY )
)
=
ker
(
H2(X,Z)→
H2(Y,C)
F 1H2(Y,C)
)
= ker
(
H2(X,Z)→
H2(X,C)
F 1H2(X,C)
)
.
Thus, X satisfies the “Lefschetz (1, 1) theorem”.

